
PHYSICAL REVIEW FLUIDS 11, 054201 (2026)

Competition between acoustic radiation force and streaming-induced drag
force in focused beams for three-dimensional cell trapping
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The ability to trap a single cell or microparticle in three dimensions is important for
biomedical and microfluidic applications. Single-beam acoustic tweezers based on focused
waves offer a compact and biocompatible solution with their high spatial resolution and
intensity gradient. However, the three-dimensional (3D) trapping remains limited because
the weak axial restoring radiation forces cannot always surpass the pushing drag force
from the acoustic bulk streaming (ABS), particularly at high frequencies. The combined
effect of the acoustic radiation force (ARF, Frad) and the drag force (Fdrag) induced by the
ABS on a microparticle has not yet been studied in the free space. It is known that the
ARF depends on the square of the pressure amplitude at the focus as p2

foc, whereas the drag
force induced by the ABS remains an open question with respect to pfoc at different flow
conditions. In this study, we propose a unified theoretical-numerical framework to compare
the contribution of the ARF and the drag force by the ABS, and we systematacially derive
an explicit scaling law for the streaming velocity U0 ∼ pn

foc with the hydrodynamic flow
from the viscous to the inertial regimes. It is found that the exponential power n of pfoc

is bounded by n = 2 for the viscous limit (the flow Reynolds number Reλ � 1) and
by n = 4/3 for the inertial limit (Reλ � 1), and n ∈ (4/3, 2) throughout the transition
regime (Reλ ∼ 1). In addition, the Schiller-Naumann model is introduced to facilitate
a more accurate estimation of the drag force compared to the Stokes model. Based on
the combined effect, we find that the trap ratio of the axial ARF over the drag force
can vary nonmonotonically with pfoc, which contradicts the conventional expectation of
the monotone increase. This work provides a theoretical foundation for the 3D trapping
of a single cell with single-beam acoustical tweezers and guidance for the optimized
parameters.

DOI: 10.1103/bd7h-m61y

I. INTRODUCTION

Cells are the fundamental structural and functional units of living organisms. They regulate
a wide range of biological processes essential for sustaining life. The precise three-dimensional
(3D) trapping of an individual cell has therefore become a key tool in biomedical research, with
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applications including the measurement of cellular mechanical properties [1], reproductive cell
selection, and single-cell analysis [2,3].

Strategies for cell manipulation can be broadly classified into contact and noncontact meth-
ods. One of the contact-based methods, called the micropipette aspiration technique, employs
the pressure differences to extract cells [4,5]. However, these methods are often mechanically
invasive and may increase the risk of chemical cross-infection [6]. In contrast, noncontact
techniques use external physical fields—including optical, magnetic, and acoustic fields—to ma-
nipulate cells without physical contact. Prominent examples include optical tweezers [7], magnetic
tweezers [8], and acoustic tweezers [9]. Optical tweezers offer excellent spatial precision but
may cause photothermal damage at high laser intensities [6,10]. Magnetic tweezers typically
require the attachment of magnetic labels, limiting their use in label-free applications [11].
Acoustic tweezers, by contrast, are label-free, biocompatible, and effective in optically opaque
media.

Within acoustofluidics, single-beam acoustic tweezers based on focused beams generate highly
localized fields that enable selective trapping of an individual cell [12–14]. In contrast to standing-
wave configurations, which often require dual transducers or one transducer and one reflector,
focused beams offer higher spatial selectivity and greater flexibility in experimental design and
for potential applications such as an ultrasound imaging probe. Most human cells suspended in
water exhibit a positive acoustic contrast factor and are thus trapped in the pressure minima [13].
Hence, the acoustical focused vortices can be used because of the doughnut-shaped distributions
of pressure amplitude with a central null. The trapping size of the ring-shaped potential well
is on the order of the acoustic wavelength [9,15]. This helps the transducers to work at high
frequencies for a small wavelength and high spatial resolution of a few micrometers. Although
the acoustic radiation force (ARF) can support 3D trapping at such high frequencies [16], the
accompanying acoustic bulk streaming (ABS, also called Eckart streaming)—the steady flow arising
from viscous attenuation in the flow volume—exerts a hydrodynamic drag that may destabilize
the trap. One commonly used strategy is to place a glass cover above the focal region, which
provides a supporting force against the drag force via bulk streaming. However, this will limit
the acoustic manipulation to a quasi-two-dimensional geometry with undesired physical contact
[12]. Except for focused vortex beams, the widely used focused beam also shows its potential
for the 3D trapping of human cells. This is implemented by introducing the iodixanol solution
(one kind of biocompatible medium) to reverse the acoustic contrast factor so that typical human
cells can be trapped at the focus [14]. Here, “contrast factor reversal” is used only as an intuitive
description of the trapping tendency. More rigorously, finite-size corrections make the effective
contrast factor radius dependent beyond the Rayleigh limit [17]. In this work, the actual radiation
force is calculated using the full angular spectrum scattering formulation, which naturally accounts
for finite-size effects beyond the Rayleigh limit. However, as is the case for the focused vortex
beam, the strong bulk streaming can also push the trapped cell away and break the axial trap
for focused beams, which cannot be ignored and is not taken into consideration in previous
works.

While the ARF is widely regarded as the principal mechanism for microparticle trapping, a
unified treatment that incorporates drag force induced by the ABS has remained absent for single-
beam acoustic tweezers based on focused beams. The acoustic streaming comes from the viscous
dissipation either in boundary layers (for the Rayleigh streaming) or within the fluid bulk (for the
ABS), and it induces a wave-following particle drift that can oppose trapping [18]. These flows are
further amplified in high-frequency (exceeding tens of MHz) focused systems, where steep spatial
gradients and strong energy localization intensify the streaming. As a result, streaming-induced drag
force can match or even exceed ARF, particularly for very high frequencies. Existing studies have
primarily examined the ARF-streaming interplay in microchannels driven by standing waves, where
Rayleigh streaming dominates and the particle motion is constrained by channel walls [19,20].
However, these models do not apply to free-space focused beams, where (i) ABS arises from bulk
absorption rather than boundary effects, (ii) particles are not geometrically confined and may escape
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axially, and (iii) the scaling of ABS with respect to focal pressure and transducer aperture remains
unknown. To our knowledge, a unified framework is still lacking that describes how ABS scales
with acoustic pressure amplitude from viscous- to inertia-dominated regimes and that systematically
contrasts the resulting pressure-dependent drag force with the strictly quadratic pressure dependence
of the ARF. Furthermore, neglecting finite-particle Reynolds number corrections (Res), or relying
solely on Stokes drag force, can substantially underpredict the streaming-induced drag force in
high-frequency focused tweezers.

In this work, we establish a unified theoretical-numerical framework that quantifies the combined
effect between ARF (Frad) and drag force (Fdrag) induced by the ABS and assesses the feasibility
of 3D trapping of representative human cells with the single-beam acoustic tweezers based on
focused beams. The ARF is computed via the angular spectrum method, while ABS is obtained
from finite-element simulations of the steady Navier-Stokes equations with an acoustic body force
source term. Scaling analyses further elucidate the crossover from viscous- to inertia-dominated
streaming, revealing a nonmonotonic dependence of the trap ratio � = Frad/Fdrag on focal pressure.
The resulting framework provides predictive capability and new physical insight into the compe-
tition between ARF and ABS-induced drag force in free-space focused beams, offering practical
design guidelines for achieving stable 3D trapping of a single cell with single-beam acoustic
tweezers.

The remainder of the paper is organized as follows. In Sec. II, we describe the systematic
configuration and governing equations, and we introduce the two primary nonlinear mechanisms of
interest: the acoustic radiation force and acoustic bulk streaming. Section III outlines the numerical
approach, comprising the angular spectrum method for computing the acoustic radiation force and
a finite-element method for solving the streaming field based on our derived source term [14]. The
main results are presented in Sec. IV. Section IV A examines the flow characteristics of the bulk
streaming field, Sec. IV B explores the influence of transducer geometry on both the radiation force
and the streaming-induced drag force, and Sec. IV C quantifies the relative magnitude of acoustic
radiation force and drag force across a range of focal pressures. A summary of key findings and
their implications for device design is provided in Sec. V. In this study, we consider linear acoustic
propagation in homogeneous Newtonian fluids with small Mach numbers, neglecting thermal effects
and material inhomogeneities.

II. PROBLEM FORMULATION AND GOVERNING EQUATIONS

The configuration of the focused beam system is illustrated in Fig. 1. The planar focused
ultrasound transducer employed in this study operates at a center frequency of f = 40 MHz and
produces focused acoustic beams with a focal length of h = 1 mm. The aperture radius RA is
determined by the number of turns N and the focal length h in the transducer; for instance, N = 26
with h = 1 mm gives RA = 1.72 mm. In the present microelectromechanical systems (MEMS)
design, the turn number N determines the effective aperture radius RA and therefore indirectly
controls the focal structure of the generated beam [16]. The detailed specifications of the transducer
can be found in Ref. [14]. The acoustic tweezers were fabricated via the standard MEMS techniques
[12,21], enabling a planar geometry compatible with microfluidic platforms and channels, and thus
well suited for microscale manipulation.

We consider a homogeneous, compressible Newtonian fluid governed by the conservation of
mass and momentum. The corresponding compressible Navier-Stokes equations are [22]

∂ρ

∂t
+ ∇ · (ρv) = 0, (1)

∂ (ρv)

∂t
+ ∇ · (ρv ⊗ v) = −∇p + μs∇2v +

(μs

3
+ μb

)
∇(∇ · v). (2)

Here, ρ, p, and v represent the fluid density, pressure, and velocity fields, respectively, while μs

and μb are the dynamic viscosity and bulk viscosity. The system is closed by the following state
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FIG. 1. Schematic of the focused beam. Two sets of electrodes (red and blue) on a piezoelectric wafer are
excited with antiphase (i.e., with a phase difference of π ). The aperture radius RA is determined by the number
of electrode turns N , with representative parameters given in Ref. [14]. The acoustic energy distribution is
shown as a gradient field, with energy strongly localized near the focal point. Restoring forces along the axial
and lateral directions are indicated by red and blue arrows, respectively, enabling 3D trapping of cells (depicted
as golden spheres). Suspended cells in the acoustic field experience a combination of radiation force (red arrow)
and drag force arising from acoustic streaming (black arrow).

equation:

p = p(ρ) with
∂ p

∂ρ

∣∣∣∣
s

= c2
0. (3)

Due to the nonlinearity of the governing equations, we employ a regular perturbation expansion
in a small nondimensional parameter ε, taken to represent the acoustic Mach number [23]. The
physical fields are expanded as

ρ = ρ0 + ερ1 + ε2ρ2, (4)

p = p0 + εp1 + ε2 p2, (5)

v = εv1 + ε2v2, (6)

where ρ0 and p0 denote the ambient (equilibrium) density and pressure. The subscripts 1 and
2 correspond to first- and second-order perturbation fields, respectively. Assuming an initially
quiescent fluid, the zeroth-order velocity vanishes.

Within this perturbative framework, the governing equations are separated into first-order and
second-order systems, allowing for decoupled analysis of the oscillatory acoustic field and steady
streaming flow. The linearized first-order equations for the acoustic perturbations (ρ1, v1, p1) are
[22]

∂ρ1

∂t
+ ρ0∇ · v1 = 0, ρ0

∂v1

∂t
= −∇p1 + μs∇2v1 +

(μs

3
+ μb

)
∇(∇ · v1), (7)

where ∇2 denotes the Laplace operator. The first-order state equation follows from a Taylor
expansion: p1 = c2

0ρ1. Due to the harmonic nature of the fields, the time-domain equation above
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can also be expressed in the following frequency-domain form:

−iωρ1 = −ρ0∇ · v1, (8a)

−iωρ0v1 = −∇p1 + μs∇2v1 +
(μs

3
+ μb

)
∇(∇ · v1). (8b)

Taking the divergence on both sides of Eq. (8b), substituting into Eq. (8a), and incorporating the
state equation yields the following Helmholtz equation in viscous fluid:

∇2 p1 + k2 p1 = 0. (9)

The complex wave number k is defined by the following expression:

k = ω

c0

[
1 − iω

ρ0c2
0

(
4

3
μs + μb

)]− 1
2

. (10)

The second-order steady continuity equation reads

ρ0∇ · v2 = −∇ · (ρ1v1). (11)

We neglect the right-hand side, which accounts for weak compressibility effects at small Mach num-
ber, and obtain an incompressible streaming flow, ∇ · v2 = 0 (Nyborg’s approximation [24,25]).

The second-order momentum equation becomes

ρ1
∂v1

∂t
+ ρ0v1 · ∇v1 = −∇p2 + μs	v2 +

(μs

3
+ μb

)
∇∇ · v2. (12)

After simplification, the steady second-order momentum equation reduces to

−∇p∗
2 + μs	v2 + Fs = 0, (13)

where Fs = (4μs/3 + μb)ω2〈p1v1〉/(c4
0ρ0) is the sole source of the acoustic streaming. ∇p∗

2 =
∇p2 + ∇〈L〉, and 〈L〉 is the average acoustic Lagrangian. The details of these equations can be
found in Ref. [9].

The total force Fp acting on a suspended particle is evaluated by integrating the stress tensor σ

over the particle surface Sp(t ):

Fp =
〈∫∫

Sp(t )
σ · np dS

〉
, (14)

where np denotes the outward unit normal to the particle surface, and Sp(t ) denotes the surface of
the oscillating particle. The stress tensor σ is defined as

σ = −pI + 2μsD + (
μb − 2

3μs
)
(∇ · v)I,

where D is the strain tensor and I is the identity tensor.
This force Fp can be decomposed into two components:

Fp = F rad + Fstr, (15)

where F rad is the acoustic radiation force:

F rad =
∫∫

SR

(−ρ0〈v1 ⊗ v1〉 + 〈L〉) · nR dS. (16)

Here, 〈L〉 is the time-averaged acoustic Lagrangian [9,26] and SR denotes a closed surface at rest
enclosing the particle. Under plane-wave incidence, the magnitude of the acoustic radiation force
Frad follows the classical quadratic dependence on pressure amplitude [27]. Taking the focal pressure
pfoc as the characteristic amplitude gives

Frad ∝ p2
foc. (17)
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The proportionality constant depends on material contrast, the dimensionless frequency ka, and
absorption, but the quadratic dependence on pressure amplitude remains.

The second term, Fstr , represents the viscous drag exerted by the streaming flow and is given by

Fstr =
∫∫

SR

(−p∗
2I + 2μsD) · nR dS. (18)

This contribution is conventionally quantified through the classical hydrodynamic drag formulation
in fluid mechanics, denoted as Fdrag, which for a spherical particle in viscous flow takes the form of
the Stokes drag force [see Eq. (24)].

It is therefore important to note that particles suspended in a fluid medium experience two
conceptually distinct contributions in the present model: (i) the acoustic radiation force F rad

arising from momentum transfer between the incident acoustic field and the particle, and (ii) the
viscous drag force Fdrag generated by acoustic streaming. The purpose of the present study is to
isolate the competition between these two dominant effects in focused beam bulk trapping. A full
thermoviscous treatment of the radiation force term is beyond the scope of the present work and
will be addressed in future studies.

The theoretical analysis herein is based on the following assumptions: (i) A small acoustic Mach
number, ensuring the validity of first- and second-order perturbation theory; (ii) a Newtonian fluid
with constant properties; (iii) Nyborg’s approximation (∇ ·v2 = 0); (iv) negligible thermoviscous
coupling and temperature-driven body forces; (v) single-frequency excitation without significant
higher-harmonic content in the focal region; and (vi) the radiation force is evaluated using a leading-
order inviscid scattering model, and thermoviscous corrections to F rad are not included explicitly.

Building on the present research [28–36], we will progressively relax the current assumptions to
develop a more comprehensive acousto-thermal-fluidic multiphysics model for focused beams. In
particular, future work will incorporate thermoviscous boundary layer corrections to the radiation
force term, particle surface dissipation, internal absorption, and near particle microstreaming, so as
to assess their quantitative influence on trapping stability beyond the leading-order model adopted
here.

III. NUMERICAL METHODS: ASM AND FEM

The acoustic radiation force is computed using a custom matlab implementation of the angular
spectrum method (ASM) (see [13]), whereas the streaming flow is simulated via the finite-element
method (FEM) computations in COMSOL MULTIPHYSICS 6.2 [20,37]. The acoustic tweezer system is
configured to operate at a center frequency of f = 40 MHz, designed to trap MCF-7 human breast
cancer cells. For computational efficiency, the cells are modeled as homogeneous fluid spheres,
enabling efficient evaluation of scattering coefficients [14].

The suspending medium is a 60% (v/v) iodixanol solution, selected to invert the acoustic contrast
factor 
SW of the cells. The fluid properties, including density, sound speed, and viscosity, are
derived from empirical fits to experimental data (see [38]). The dynamic viscosity μs at this
concentration is extrapolated from the fitted curve, while the bulk viscosity μb is assumed to be that
of pure water due to the lack of direct measurement data [39]. The physical parameters used in this
study are summarized in Table I. In the current model, we account for the bulk viscous attenuation
of the host fluid during acoustic wave propagation. Using the parameters in Table I, the attenuation
coefficient is estimated as α = 80.2 m−1, corresponding to p(h) ≈ 0.62 p0 over the focal distance
h = 6 mm. To ensure a consistent acoustic-pressure reference when comparing the radiation force
and the Eckart streaming-induced drag force, the focal pressure magnitude is taken as the control
parameter. Unless otherwise stated, all pressure amplitudes reported in this work refer to the focal
point and are normalized to pfoc = 1 MPa.

The normalization procedure is as follows: we first assign a source plane pressure magnitude
p(0)

src = 1 MPa and compute the acoustic field using the ASM. The resulting focal pressure magnitude
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TABLE I. Physical parameters.

Parameter Symbol Value

Frequency f 40 MHz
Wave number k 2π f /cm

Wavelength λ cm/ f
Attenuation coefficient α ω2μsb/2ρ0c3

0

Defined coefficients b 4/3 + μb/μs

Fluid density ρm 1319.7 kg m−3

Sound speed of fluid cm 1497.7 m s−1

Cell density ρc 1068 kg m−3

Sound speed of cell cc 1497.7 m s−1

Dynamic viscosity μs 7.69 mPa s
Bulk viscosity μb 1.00 mPa s
Focal pressure magnitude pfoc 1 MPa
Peak velocity magnitude U0 the maximum axial velocity
Flow Reynolds number Reλ ρmvrλ/μs

Particle Reynolds number Res ρmvrd/μs

p(0)
foc is then extracted, and the source pressure magnitude psrc is rescaled as

psrc = p(0)
src

pfoc

p(0)
foc

. (19)

The field is subsequently recomputed such that the final focal pressure magnitude satisfies pfoc = 1
MPa.

In the following subsections, the two numerical methodologies are described: the angular spec-
trum method for evaluating the acoustic radiation force, and the finite-element method for modeling
acoustic streaming.

A. Acoustic radiation force via the angular spectrum method

The angular spectrum method represents arbitrary acoustic beams as a superposition of plane
waves with different propagation directions. By incorporating plane-wave scattering theory, ASM
enables efficient evaluation of acoustic radiation forces on particles of arbitrary size and shape,
extending beyond the Rayleigh limit. The radiation force on a spherical particle in a general acoustic
field is expressed following Sapozhnikov and Bailey [40]:

Fx = 1

4π2ρ0k2c2
0

Re

{ ∞∑
n=0

n∑
m=−n

Cn
[− b−m

n+1HnmH∗
n+1,m−1 + bm

n+1HnmH∗
n+1,m+1

]}
, (20a)

Fy = 1

4π2ρ0k2c2
0

Im

{ ∞∑
n=0

n∑
m=−n

Cnbm
n+1[Hn,−mH∗

n+1,−m−1 + HnmH∗
n+1,m+1]

}
, (20b)

Fz = − 1

2π2ρ0k2c2
0

Re

{ ∞∑
n=0

n∑
m=−n

Cncm
n+1HnmH∗

n+1,m

}
. (20c)

Here, Hnm denotes the beam-shape coefficients determined by the incident wave, Cn is a coefficient
related to the dimensionless partial wave scattering coefficient, with bm

n and cm
n being the correspond-

ing expansion coefficients associated with the mode indices n and m. In the long-wavelength limit,
the formulation in Eq. (20) reduces to the classical Gor’kov theory. The procedure for computing
the acoustic radiation force on particles of arbitrary size based on the ASM is detailed by Li and
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TABLE II. Mesh convergence study for the streaming simulation. (Relative change
	 with respect to the next finer grid.)

Level CPW 	 to next finer (%)

L1 8
L2 10 0.49
L3 12 0.34
L4 14 0.22
L5 16 0.18

Gong [14]. Throughout this study, the magnitude of the radiation force is reported with respect to
the minimum axial restoring force. In general, the lateral radiation force component exceeds the
axial contribution, which provides stronger trapping capability.

In the present model, the expression Eq. (20) should be understood as a leading-order radiation
force model, only the bulk viscous attenuation of the host fluid on wave propagation is included,
whereas near particle thermoviscous boundary layer corrections to the scattering coefficients enter-
ing Frad are not explicitly considered. Under the present parameter conditions, the viscous Stokes
boundary layer thickness δ remains much smaller than the particle radius a (δ � a) in the Mie
regime, i.e., the thin boundary layer limit, so these thermoviscous corrections are treated here as
higher-order relative to the leading-order scattering contribution. The focal pressure magnitude is
taken as the common reference for both the radiation force evaluation and the Eckart streaming-
induced drag estimation, so that the comparison between the two effects is made under the same
focal field amplitude condition.

B. Acoustic streaming via finite-element modeling

To exploit the time-scale separation between the rapidly oscillating acoustic field and the slowly
evolving streaming flow, a two-step computational strategy is employed. In the first step, the acoustic
pressure field is computed, and in the second, the resulting body force is used as a source term to
drive the time-averaged acoustic streaming [20]. Since accurately resolving high-frequency acoustic
waves requires a minimum of six mesh elements per wavelength [41], fully 3D simulations are
prohibitively expensive at frequencies of tens of megahertz. By exploiting the axial symmetry
of the focused beam and balancing computational efficiency with accuracy, a two-dimensional
axisymmetric finite-element model is formulated for focused beam configurations.

Simulations were carried out in COMSOL MULTIPHYSICS using a coupled multiphysics frame-
work. The acoustic field was modeled with the “Pressure Acoustics, Frequency Domain” interface
[governed by Eq. (9)] with Perfectly Matched Layers (PMLs) to represent an unbounded domain.
The streaming flow was obtained from the “Laminar Flow” interface [governed by Eq. (13)] under
open boundary conditions to ensure nonreflecting outflow in a semi-infinite geometry. The finite-
element results were verified through a mesh convergence study. For this purpose, a representative
configuration with a transducer of N = 26 turns and a focal length of h = 1 mm was selected for
the grid-refinement test. Convergence was then evaluated on a systematically refined sequence of
meshes and reported using a successive-difference criterion, as shown in Table II. Let U (k)

0 denote
the peak streaming velocity on grid k, and let k + 1 represent the next finer grid. The relative
difference is then defined as

	k→k+1 =
∣∣U (k)

0 − U (k+1)
0

∣∣∣∣U (k+1)
0

∣∣ × 100%, (21)

which provides a straightforward measure of grid independence. The mesh resolution is expressed
in terms of cells per wavelength (CPW), defined as the number of finite elements per acoustic
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wavelength λ, with CPW = λ/hmesh, where hmesh is the characteristic element size. In our refine-
ment sequence (CPW = 8–16), the relative difference between the two finest grids is 	 � 0.2%,
confirming that the predictions are mesh-independent. In the subsequent simulations, we adopted
the finest grid level 5 (L5), with a fluid domain of radial × axial extent 4 mm × 3 mm and a perfectly
matched layer (PML) of thickness equal to one wavelength.

Once the steady streaming velocity field is obtained, the hydrodynamic drag force on a spherical
particle is evaluated using the Schiller-Naumann (SN) model, which remains valid for particle
Reynolds numbers Res up to O(103) [42]:

Fdrag = 6πμsRvr
(
1 + 0.15 Re0.687

s

)
. (22)

Here, R denotes the particle radius, μs is the dynamic viscosity of the medium, and vr is the
magnitude of the relative velocity between the streaming flow v2 and the particle vp. The particle
Reynolds number Res is defined based on the particle diameter d = 2R as

Res = 2Rρmvr

μs
, (23)

where ρm is the density of the suspending medium and vr is the relative velocity magnitude. The SN
drag model is particularly relevant to Mie particles in laminar flow conditions. For Res � 1, the SN
model reduces to the classical Stokes expression [43]:

Fdrag = 6πμsRvr . (24)

Under high acoustic pressures that produce strong streaming flows, the finite-Res corrections
from the Schiller-Naumann model become significant [44]. This correction leads to a nonlinear
relationship between drag force and velocity, consequently causing the drag force to exhibit complex
variation with acoustic pressure [45]; a detailed analysis is presented in Sec. IV C.

C. Combined force analysis for trapping evaluation

To assess the feasibility of 3D particle trapping in high-frequency focused acoustic fields, it
is essential to consider the combined effect between two dominant forces. The acoustic radiation
force, F rad, drives particles towards pressure nodes or antinodes depending on their contrast factor,
and acts as a restoring force that promotes confinement. Conversely, the steady drag force induced
by acoustic streaming, Fdrag, tends to transport particles along the mean flow direction, thereby
opposing stable trapping. The net balance between these competing forces ultimately determines
the achievable trapping stability.

Before comparing the acoustic radiation force and the drag force, it is essential to verify the
consistency of the numerical methods used to compute the acoustic field, as both forces ultimately
depend on the accuracy of the acoustic pressure field, and ensuring consistency is a prerequisite
for meaningful comparison. As shown in Fig. 2, the acoustic pressure distributions obtained from
the ASM and the FEM exhibit excellent agreement under identical transducer configurations. This
confirms the validity of the hybrid modeling strategy, whereby the radiation force is computed from
the ASM, while the streaming flow and corresponding drag force are evaluated using FEM. The
demonstrated agreement ensures that subsequent force comparisons are grounded in a coherent and
physically consistent framework.

To quantify the relative strength of the competing effects, we define the dimensionless trapping
ratio �,

� = Frad

Fdrag
, (25)

where � > 1, and the radiation force dominates over the streaming drag and enables stable trapping
at the focus. Conversely, when � < 1, the drag force prevails, displacing the particle from the focal
region.
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FIG. 2. Axial distribution of the acoustic pressure magnitude predicted by FEM and ASM for a focused
beam at 40 MHz. The focal pressure is normalized to pfoc = 1 MPa, and the focal length is h = 1 mm. The
dashed line marks the focal position. The two methods exhibit close agreement under identical conditions,
thereby validating consistency between the numerical approaches.

We begin by systematically evaluating the influence of transducer parameters on both the acoustic
radiation force and the streaming drag force, from which an optimized configuration is identified.
For this selected geometry, we then examine how the focal pressure governs �, thereby informing
the design of high-frequency acoustic tweezers. Importantly, the two forces exhibit distinct pressure
scalings: the acoustic radiation force increases quadratically with pressure amplitude, while the
streaming-induced drag force follows a more intricate, nonlinear dependence. The pressure scaling
in the viscous and inertial limits is known [46,47], but the transition regime, where focused beams
most often operate, has lacked quantitative characterization. This mismatch in scaling exponents
allows pressure tuning to shift the force balance towards radiation force dominated regimes. A
detailed analysis of this scaling behavior and its implications for trap design is presented in
Sec. IV C.

IV. RESULTS AND DISCUSSION

A. Flow characteristics

1. Streaming flow structure

Due to the axial symmetry of the acoustic system, the numerically simulated acoustic streaming
field exhibits a correspondingly symmetric structure, as illustrated in Fig. 3. This figure highlights
the intrinsic coupling between the spatial distributions of the acoustic pressure field and the induced
streaming flow, both of which display strong axisymmetric characteristics. The flow field is visu-
alized via velocity vectors. As the focal pressure increases, the peak streaming velocity also rises,
prompting a transition from creeping (viscosity-dominated) to laminar flow (inertia-influenced).
This transition is characterized by the flow Reynolds number Reλ, defined with respect to the
acoustic wavelength λ as the characteristic length [23,48]. The definition of the flow Reynolds
number Reλ is given in Table I. By setting Reλ = 1, one can derive the threshold velocity vcr

separating the two regimes:

vcr = μs

ρmcm
f = 0.15 m/s, (26)

where μs, ρm, and cm denote the dynamic viscosity, fluid density, and sound speed in the medium,
respectively.
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FIG. 3. Finite-element simulation of the acoustic pressure field (left) and the resulting acoustic streaming
flow (right). Black arrows indicate the streaming velocity vectors. The transducer operates at a frequency of
f = 40 MHz with a focal length of h = 1 mm and an aperture radius of RA = 1.72 mm, which corresponds
to N = 26 turns. The generated focal pressure amplitude is pfoc = 1 MPa. The maximum flow velocity is
approximately 1 mm/s. Both the acoustic and streaming fields exhibit axisymmetric distributions, consistent
with the geometry of the system.

Figure 4 shows the simulated streaming velocity as a function of focal pressure amplitude,
spanning both creeping and laminar flow regimes. At low pressures, where Reλ � 1, the predicted
velocities under both regimes show close agreement, indicating that viscous forces dominate and
inertial contributions remain negligible. As the focal pressure increases and Reλ approaches or
exceeds unity (Reλ ∼ 1), notable deviations arise, reflecting the growing influence of inertia on
the streaming structure. Combining the critical velocity criterion with the velocity-pressure relation
yields a threshold focal pressure of approximately 14 MPa, marking the onset of inertial streaming.
This transition marks a fundamental change in the scaling behavior of the streaming flow. Therefore,
it is essential to analyze the streaming velocity scaling laws separately within each flow regime to
accurately capture the underlying dynamics—a topic explored in detail in Appendix A.

2. Jetting velocity scaling law

In acoustofluidic systems, the total force acting on suspended particles results from the combined
effects of acoustic radiation force and streaming-induced drag force. While the radiation force

FIG. 4. Log-log plot of streaming velocity vs focal acoustic pressure, comparing creeping- and laminar-
flow regimes. The red dashed line marks the critical threshold Reλ = 1 (critical velocity vcr = 0.15 m/s) and
the corresponding focal pressure. The pressure magnitude is evaluated at the focal point. The calculations were
conducted at an operating frequency of 40 MHz, with a focal length of h = 1 mm and the transducer aperture
radius of RA = 1.72 mm (corresponding to N = 26 turns).
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FIG. 5. Velocity scaling characteristics in the viscosity-dominated regime. The acoustic field operates at
40 MHz with a focal length of 1 mm, generated by a transducer with an aperture radius of RA = 1.72 mm.
(a) Axial velocity profiles along the beam axis under various focal pressures. (b) Corresponding normalized
velocity profiles, obtained by dividing each curve in (a) by the square of its respective focal pressure, confirming
a quadratic dependence in agreement with theoretical scaling predictions.

can be analytically described, estimating the drag force depends on knowledge of the steady-state
streaming velocity, which often requires numerical simulation due to the lack of an analytical
expression. To address this, we derive a unified scaling for the jetting velocity that bridges viscous-
and inertia-dominated streaming, yielding a bounded local pressure exponent 4/3 < n < 2.

As discussed in Sec. IV A 1, the flow field transitions from creeping to laminar as the acoustic
pressure increases, corresponding to a shift in the flow Reynolds number Reλ. To capture the
distinct fluid dynamics across this transition, we analyze the velocity scaling behavior within three
regimes: the viscous-dominated regime (Reλ � 1), the inertia-dominated regime (Reλ � 1), and
the transitional regime (Reλ ∼ 1). The full derivations are presented in Appendix A, and here we
summarize the key results.

At low flow Reynolds number (Reλ � 1), the fluid motion is governed by a balance between the
acoustic body force and viscous dissipation. This yields a quadratic scaling law for the streaming
velocity:

U0 ∼ p2
foc, (27)

where U0 denotes the peak axial streaming velocity magnitude and pfoc is the focal acoustic pressure
amplitude. This scaling behavior, initially proposed on the basis of local force-balance arguments
[46], is derived here via an energy-based global analysis. Figure 5 illustrates the result: the left
panel displays axial velocity profiles at various focal pressures, while the right panel demonstrates
excellent collapse upon normalization by U0/p2

foc, thereby confirming the quadratic pressure scaling.
As the focal pressure increases (Reλ � 1), inertial effects become appreciable, particularly in the

prefocal acceleration zone. In this inertia-dominated regime, a balance emerges between acoustic
forcing and convective transport, giving rise to a distinct scaling law:

U0 ∼ p4/3
foc . (28)

This 4/3 scaling has previously been reported in the literature [47]; however, we derive it here as
the asymptotic limit of a unified model that smoothly bridges the viscous and inertial regimes (for
details, see the Appendix). This model not only constrains the effective pressure exponent within a
bounded range, but also elucidates the influence of acoustic attenuation and beam geometry effects
not captured by local scaling arguments based solely on peak velocity. As shown in Fig. 6, the
simulation results in the high-Reλ regime closely follow the predicted power-law trend, thereby
validating the theoretical scaling.

In the transitional regime (Reλ ∼ 1), viscous and inertial contributions are comparable, and
the streaming velocity no longer follows a simple power law. Despite the practical significance
of this transitional regime, rigorous theoretical studies on it are still notably lacking to date. The
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FIG. 6. Velocity scaling characteristics in the inertia-dominated regime. The acoustic field operates at
40 MHz with a focal length of 1 mm, generated by a transducer with an aperture radius of RA = 1.72 mm.
(a) Axial velocity profiles along the beam axis under various focal pressures. (b) Corresponding normalized
velocity profiles, obtained by dividing each curve in (a) by the focal pressure raised to the power of 4/3,
confirming a subquadratic scaling behavior in accordance with theoretical predictions.

boundedness proof of the exponent in the transition regime is of notable significance, as it indicates
that the rate of velocity change with respect to acoustic pressure gradually slows down, rather than
first accelerating (n > 2) and then decelerating (n → 4/3). This behavior directly determines how
the relative magnitude of the streaming-induced drag force and the acoustic radiation force varies
with pressure. The lack of a rigorous analytical model hinders a unified evaluation of these two
forces. To bridge this gap, we employ energy conservation and derive a cubic relation for the
streaming velocity (see Appendix A for details):

U 3
0 + C1 p2

focU0 − D1 p4
foc = 0, (29)

which leads to a scaling exponent n,

n(pfoc) ≡ d ln U0

d ln pfoc
= 2 − 2U 2

0

3U 2
0 + C1 p2

foc

. (30)

This result implies a transition of the exponent from n = 2 to 4/3 as pfoc increases.
Since the radiation force scales as Frad ∝ p2

foc and the drag force scales as Fdrag ∝ pn
foc with n <

2 in the transition and inertial regimes, increasing acoustic pressure appears to lead to a regime
where radiation force dominates. This conclusion is predicated on evaluating particle resistance
using Stokes drag. However, for moderate particle Reynolds numbers (Res ∼ 1), finite-Res drag
correlations are no longer linear in the relative velocity, thus the influence of acoustic pressure
should be assessed via the trap ratio � = Frad/Fdrag.

B. The influence of transducer parameters

In our previous work, we proposed a strategy for selective single-cell trapping using focused
ultrasound, achieved by reversing the acoustic contrast factor through the use of biocompatible
media [14]. However, subsequent studies have shown that in high-frequency focused fields, the drag
force arising from acoustic streaming may exceed the acoustic radiation force, thereby undermining
trapping stability. This observation motivates a systematic parametric investigation of transducer
design, aimed at providing qualitative guidance for performance optimization.

To this end, we examine how the number of turns N (which governs the transducer aperture RA)
and the focal length h influence the acoustic radiation force and streaming-induced drag force. Since
N takes natural-number values, it is adopted as the primary independent variable in the parametric
study. As shown in Fig. 7(a), increasing N from 20 to 50 leads to an expansion of the aperture
radius from 1.46 to 2.71 mm. The corresponding simulation results are summarized in Fig. 7. As
indicated by the trend lines, increasing the number of turns (i.e., enlarging the aperture) enhances
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FIG. 7. Effect of transducer parameters on acoustic radiation force and drag force. (a) Influence of
transducer turns N (corresponding to transducer aperture radius): For a fixed focal length of h = 1 mm and
a focal plane pressure of 1 MPa, the results indicate that as the number of turns (N) increases, the acoustic
radiation force increases, while the drag force decreases.(b) Influence of transducer focal length. With the
number of turns fixed at N = 50 and the focal plane pressure maintained at 1 MPa, the results indicate that an
increase in focal length leads to a reduction in acoustic radiation force but an enhancement in drag force. It
should be noted that the cell size R used for the calculation corresponds to the size at which the minimum axial
radiation force occurs under the given transducer parameters.

the acoustic radiation force while reducing the streaming-induced drag. Conversely, increasing the
focal length weakens the radiation force and amplifies the drag. For consistency, the particle size in
all simulations is selected to correspond to the minimum axial radiation force under each transducer
configuration; further computational details can be found in Ref. [14].

It is important to emphasize that all simulations were conducted under the constraint of a fixed
focal sound pressure amplitude pfoc = 1 MPa, thereby isolating the effects of geometric parameters
from variations in acoustic intensity. From a theoretical standpoint, the observed trends in streaming
velocity are qualitatively consistent with the velocity scaling laws discussed in Appendix A, which
predict how viscous flow depends on transducer geometry.

C. The influence of acoustic pressure

Based on the transducer parameter study, we select a representative configuration consisting of
50 turns (corresponding aperture radius RA = 2.26 mm) and a focal length of 0.4 mm to examine
the influence of sound pressure. Moreover, as shown in Fig. 8, the large aperture induces a flow
reversal downstream of the acoustic focus, which reduces the peak streaming velocity and thereby
mitigates the hydrodynamic drag. Both the acoustic radiation force and the streaming-induced

FIG. 8. Finite-element simulation of the acoustic pressure field and the induced streaming flow for a
large-aperture transducer configuration. The setup is identical to that in Fig. 3, except with a shorter focal
length h = 0.4 mm and a larger number of turns N = 50 turns (corresponding aperture radius RA = 2.26 mm).
The maximum flow velocity is approximately 0.3 mm/s. Notably, the focused field configuration results in a
backflow phenomenon downstream of the focal region.
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FIG. 9. Radiation force, drag force, and the trap ratio � = Frad/Fdrag as functions of the focal pressure
magnitude pfoc for a particle of radius R = 0.38λ suspended in a 60% (v/v) iodixanol solution at 40 MHz. Left
axis: acoustic radiation force Frad (black, dashed), drag force predicted by the Schiller-Naumann (SN) model
Fdrag (blue, dot-dashed), and classical Stokes drag (light blue, dotted). Right axis: trap ratio � computed using
the SN drag model (red, solid) and the Stokes drag model (light red, solid). The Stokes-based � increases
monotonically with pfoc whereas the SN-based � exhibits a nonmonotonic trend.

drag force are calculated as functions of the focal pressure. As shown in Fig. 9, varying the
focal pressure amplitude modulates the relative magnitudes of the acoustic radiation force and the
streaming-induced drag force. Under the classical Stokes drag model [Eq. (24)], the trap ratio �

increases monotonically with focal pressure pfoc, suggesting that stronger pressures invariably favor
radiation force dominance and thus promote particle trapping. However, when the more refined SN
drag model [Eq. (22)] is employed, the trap ratio exhibits a nonmonotonic dependence on pressure.
This observation highlights that increasing the focal pressure does not necessarily lead to improved
trapping stability. To interpret the nonmonotonic variation of the trap ratio � ≡ Frad/Fdrag observed
in Fig. 9, we invoke scaling arguments and introduce a logarithmic-slope criterion to quantify the
competing trends. The radiation force maintains a quadratic dependence on focal pressure, Frad ∝
p2

foc. Defining the effective pressure exponent for the drag force as meff (pfoc) ≡ d ln Fdrag/d ln pfoc,
it follows that

d ln �

d ln pfoc
= 2 − meff (pfoc). (31)

Under the creeping-flow hypothesis with Stokes drag force, increasing the pressure amplitude en-
hances the dominance of the radiation force, thereby improving trapping robustness [45]. However,
our results show that this trend need not be monotonic: as acoustic pressure increases, streaming
(and thus streaming-induced drag force) strengthens, while finite-Res corrections also increase
drag as the particle Reynolds number Res grows. This is particularly important for Mie particles
in laminar flow within acoustic trapping. The key diagnostic is the logarithmic-slope condition
meff (p
) = 2. At this turning point p
, the drag growth exactly offsets the p2

foc scaling of the radiation
force, causing � to decrease for meff > 2 and increase for meff < 2. Hence the monotonicity of �

is governed entirely by whether meff is larger than, equal to, or smaller than 2. Initially, at low
pressure (viscous-dominated regime), second-order streaming scales as U0 ∝ p2

foc, so meff ≈ 2 and
� is nearly constant. As pfoc rises, finite particle Reynolds number Res drag corrections can drive
meff > 2, causing � to decrease. Eventually, when the flow enters an inertia-modulated regime
(U0 ∝ pn

foc, with n < 2), meff falls below and crosses 2, and � turns upward. The turning point
is set by meff (p
) = 2 and does not require reaching the high-pressure asymptote (e.g., n = 4/3);
under the present parameters, this crossing already occurs at moderate pressures.
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It should be noted that the present analysis temporarily relaxes constraints imposed by the
mechanical index (MI) [49,50]. If the influence of MI is to be considered, further optimization
can be performed within the research framework and theoretical model developed in this work.
The primary objective of this study is to elucidate the dominant physical mechanisms governing
3D cell trapping in high-frequency focused acoustic tweezers, and to identify general strategies for
device and parameter optimization. The insights gained here may also inform the broader design of
acoustic tweezers in other operating regimes.

V. CONCLUSIONS

We developed a unified theoretical-numerical framework for single-beam acoustic tweezers
based on a focused beam that combined ARF with drag force induced by the ABS, and enables
quantitative comparison of radiation force and drag force over a broad parameter range. The peak
streaming flow velocity obeys a bounded pressure scaling with local pressure exponent 4/3 < n <

2, approaching n = 2 in the viscous limit and n = 4/3 when inertial transport dominates; a cubic
balance links these limits and provides a practical estimate across the crossover. This resolves prior
ambiguity in how streaming responds to pressure in practical devices. Crucially, we find that the
trap ratio � = Frad/Fdrag does not increase monotonically with pressure: a slope criterion meff = 2
governs the monotonicity of �, particularly for Mie-sized particles at moderate Reynolds number.
This explains the emergence of performance-optimal pressure windows. Moreover, geometric
parameters such as aperture and focal length act as effective design levers that reshape the streaming
jet—larger apertures induce downstream recirculation that weakens axial drag and favors trapping.
The framework is broadly applicable to homogeneous Newtonian fluids at low acoustic Mach
number, and may be extended to include thermal and compositional effects relevant to biological
suspensions and inhomogeneous media. In particular, thermoviscous corrections to the radiation
force term, including near particle boundary layer dissipation and related absorbed power effects,
are not resolved explicitly in the present work and remain an important direction for future study.
Recent experiments also suggest that, in certain finite-size scattering regimes where streaming
is suppressed and the particle is sufficiently large, the viscous absorbed-power contribution may
become negligible, although that regime should not be directly generalized to the present case [51].
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APPENDIX: SCALING LAW ANALYSIS

The derivation of the scaling laws begins with the kinetic energy equation. By analyzing the
balance among the dominant terms, the corresponding regime-specific scalings are obtained:∫∫∫

V
ρ

(
∂ec

∂t
+ v · ∇ec

)
dV = −2μs

∫∫∫
V

D : D dV +
∫∫

∂V
σ · v · n dS +

∫∫∫
V

f s · v dV,

(A1)
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where ec = 1
2 v ·v is the kinetic energy density, and σ = −pI + 2μsD is the stress tensor in the

incompressible fluid [52].

1. Scaling law in the viscosity-dominated regime

At sufficiently low focal pressures (Reλ � 1), the streaming is governed by a balance between
the acoustic power input and viscous dissipation. The corresponding energy budget over the control
volume is expressed as ∫∫∫

V
f s ·v dV ∼

∫∫∫
V

2μs D : D dV, (A2)

where D is the rate of strain tensor and f s denotes the acoustic body force. Estimating the left-
hand side by the acoustic power over a cross section of area πR2

beam and the right-hand side by a
dissipation rate based on a shear scale Rjet in a control volume of length L gives

U0 πR2
beam

∫ L

0
fs(z) dz ∼ 2μs

( U0

Rjet

)2
πR2

jetL ∼ 2μs U 2
0 πL, (A3)

where Rbeam and Rjet represent the radius of the acoustic beam and the resulting streaming jet,
respectively.

For convenience, we introduce the focal pressure magnitude envelope:

p(z) = pfoc G(z), G(h) = 1. (A4)

Here G(z) denotes a dimensionless axial envelope with maximum value Gmax = 1. Within the
framework of linear acoustics, the normalized pressure profiles corresponding to different driving
amplitudes collapse onto a single universal curve. This collapse indicates that, under the assumption
of linear propagation, the use of a dimensionless acoustic envelope function G(z) provides a
consistent and scalable description of the axial pressure field, independent of the absolute pressure
amplitude.

The streaming body force is expressed in the standard Eckart form:

fs(z) ∼ α
I (z)

cm
∼ α

Ifoc

cm
G2(z) e−2z/La , (A5)

where La = α−1 is the attenuation length and α is the attenuation coefficient.
Substituting Eq. (A5) into the balance Eq. (A3), together with the cross-sectional and volumetric

estimates therein, leads to the scaling relation for the streaming velocity in the viscosity-dominated
regime,

U0 ∼ α Ifoc R2
beam

2μs L cm

∫ L

0
G2(z) e−2z/La dz ∼ p2

foc. (A6)

Using the diffraction estimate Rbeam = hλ/RA, we obtain the following refined expression:

U0 ∼ α Ifoc h2λ2

2μsLcmR2
A

∫ L

0
G2(z) e−2z/La dz ∼ p2

foc. (A7)

Before using Eqs. (A6) and (A7), we first verify that the right-hand sides possess the correct
dimensions of velocity and that the focal pressure magnitude pfoc is the sole term carrying pressure
dependence. In SI units, this yields

[Ifoc] = kg s−3, [α] = m−1, [Rbeam] = m,

[μs] = kg m−1 s−1, [L] = m, [cm] = m s−1. (A8)
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and G is dimensionless, so the integral [
∫ L

0 G2e−2z/La dz] = m. Accordingly, the right-hand side of
Eq. (A6) retains the units of velocity:

α Ifoc R2
beam

∫ L
0 · · · dz

2 μs L cm
= (m−1)(kg s−3)(m2)(m)

(kg m−1 s−1)(m)(m s−1)
= kg m2 s−3

kg m s−2
= m s−1. (A9)

In Eq. (A7), we adopt the diffraction-based estimate Rbeam = h λ/RA where both the focal length
h and the aperture radius RA have dimensions of length m. The resulting substitution,[

h2λ2

R2
A

]
= (m2)(m2)

(m2)
= m2,

confirms that replacing R2
beam with h2λ2/R2

A preserves the dimensional consistency of Eq. (A7),
whose right-hand side retains the expected units of velocity (m s−1).

To isolate the dependence on pressure, we substitute Ifoc = p2
foc/(2ρmcm), where the focal

pressure has units [pfoc] = kg m−1 s−2. All other parameters—namely, the attenuation coefficient α,
viscosity μs, density ρm, sound speed cm, focal length h, wavelength λ, aperture radius RA, control
volume length L, and the integral

∫ L
0 · · · dz—are considered fixed geometric or material constants

for a given device and medium. Consequently, the streaming velocity scales as

U0 ∝ Ifoc ∝ p2
foc,

and the low-pressure exponent is n = 2.

2. Scaling law in the inertia-dominated regime

At sufficiently high focal pressures (Reλ � 1), inertial transport balances the acoustic power
input. The corresponding energy transfer within the control volume is given by

ρmU 2
0 ∼ αR2

beam

cmw2
jet

∫ L

0
I (z) e−2z/La dz, (A10a)

I (z) = Ifoc G2(z) e−2z/La . (A10b)

At the axial location where the streaming velocity attains its maximum, the axial gradient vanishes,
∂u/∂z = 0, and the viscous term is balanced by the acoustic body force,

2α Ifoc

cm
∼ μs

U0

R2
jet

⇒ R2
jet ∼ μs cm

2α Ifoc
U0. (A11)

Eliminating Rjet between Eqs. (A10) and (A11) yields a cubic relation for the peak streaming
velocity U0:

ρm U 3
0 ∼ 2α2R2

beam

μs c2
m

I2
foc

∫ L

0
G2(z) e−2z/La dz. (A12)

Using Ifoc = p2
foc/(2ρmcm) and Rbeam = h λ/RA then yields the scaling law for the inertia-dominated

regime,

U0 ∼
[

α2h2λ2

2 ρ3
mμs c4

mR2
A

∫ L

0
G2(z) e−2z/La dz

]1/3

p4/3
foc . (A13)

In SI units, [α] = m−1, [λ] = m, [ρm] = kg m−3, [μs] = kg m−1 s−1, [cm] = m s−1, and
[
∫ L

0 G2e−2z/La dz] = m. The bracket in Eq. (A13) thus has units

[α]2[h]2[λ]2 [
∫

dz]

[ρm]3[μs][cm]4[RA]2
= m−2 m2 m2 m

(kg m−3)3 kg m−1 s−1 (m s−1)4 m2
= m7 s5

kg4
(A14)
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Taking the one-third power of this expression yields dimensions of m7/3 s5/3 kg−4/3, and multiplying
by [pfoc]4/3 = (kg m−1 s−2)4/3 = kg4/3 m−4/3 s−8/3 then gives m s−1, which confirms that the right-
hand side of Eq. (A13) has the correct physical dimension of a velocity. Therefore, the inertia-
dominated scaling U0 ∝ p4/3

foc is dimensionally consistent.

3. Scaling law in the transitional regime

In the transitional regime (Reλ ∼ 1), acoustic body force, inertial transport, and viscous dissi-
pation contribute at comparable orders. The corresponding control-volume balance for the steady
streaming field is therefore given by∫∫∫

V
ρm v · ∇ec dV ∼

∫∫∫
V

−2μs D : D dV +
∫∫∫

V
f s · v dV, (A15)

where ec = 1
2 v ·v is the kinetic-energy density, D is the rate of strain tensor, and f s is the acoustic

body force. By introducing a representative axial envelope G(z), a beam radius Rbeam, and a control-
volume length L along the propagation direction, Eq. (A15) reduces to a cubic balance for the
characteristic (peak) streaming speed U0:

U 3
0 + 4L α Ifoc

ρmcm︸ ︷︷ ︸
C

U0 − 2α2I2
focR2

beam

ρmμs c2
m

∫ L

0
G2(z) e−2z/La dz︸ ︷︷ ︸

D

= 0. (A16)

Here, Ifoc denotes the focal intensity, and La is the attenuation length. The term C U0 represents the
viscous contribution, while D measures the acoustic driving that feeds the inertial transport.

Let [U0] = m s−1, so [U 3
0 ] = m3 s−3. The envelope G is dimensionless, hence

[
∫ L

0 G2e−2z/La dz] = m. Using [Ifoc] = kg s−3, [α] = m−1, [ρm] = kg m−3, [μs] = kg m−1 s−1,
[cm] = m s−1, [Rbeam] = m, we obtain

[C] = [L][α][Ifoc]

[ρm][cm]
= (m)(m−1)(kg s−3)

(kg m−3)(m s−1)
= m2 s−2 = [U0]2,

thus [C U0] = m3 s−3. For the driving term,

[D] = [α]2[Ifoc]2[Rbeam]2

[ρm][μs][cm]2

[∫ L

0
· · · dz

]
= (m−2) (kg2 s−6) (m2)

(kg m−3) (kg m−1 s−1) (m2 s−2)
(m) = m3 s−3.

Hence all three terms in Eq. (A16) carry units m3 s−3: [U 3
0 ] = [C U0] = [D], confirming the dimen-

sional correctness of the cubic balance.
Using the standard relation Ifoc = p2

foc/(2ρ0c0), the cubic relation may be reexpressed directly in
terms of the focal pressure as

U 3
0 + C1 p2

foc U0 − D1 p4
foc = 0, (A17)

with C1 = 2L α/ρ2
mc2

m, D1 = α2R2
beam/[2ρ3

mμs c4
m

∫ L
0 G2(z) e−2z/La dz] for a fixed device and

medium.
Let F (U, p) ≡ U 3 + C1 p2U − D1 p4 denote the left-hand side of Eq. (A17). This expression may

be cast into the standard cubic form x3 + rx + q = 0 with

r = C1 p2
foc > 0, q = −D1 p4

foc < 0.

The discriminant

	cub = −4r3 − 27q2 = − 4C3
1 p6

foc − 27D2
1 p8

foc < 0

indicates that Eq. (A17) admits a single real root, denoted U0(pfoc). To show that this root is strictly
positive, we argue by contradiction. If U0 � 0, then since ∂U F (U, p) = 3U 2 + C1 p2 > 0 for all U
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FIG. 10. Scaling exponent vs focal pressure. At low pressure magnitude the exponent n approaches 2, at
high pressure magnitude it tends towards 4/3, with a monotonic decrease across the transitional regime.

(strictly increasing in U ),

0 = F (U0, pfoc) � F (0, pfoc) = −D1 p4
foc < 0,

which is a contradiction. Hence U0(pfoc) > 0. Furthermore, since ∂U F (U0(pfoc), pfoc) = 3U 2
0 +

C1 p2
foc �= 0, the root is nondegenerate. By the implicit function theorem, U0 depends smoothly on

pfoc for pfoc > 0. This smoothness ensures that the local pressure exponent is well defined and
justifies implicit differentiation of Eq. (A17) in what follows. With U0 smooth in pfoc, define the
local scaling exponent

n(pfoc) ≡ d ln U0

d ln pfoc
= pfoc

U0

dU0

d pfoc
. (A18)

Implicit differentiation of Eq. (A17), followed by elimination of the term D1 p4
foc using Eq. (A17)

itself, yields the following expression for the local pressure exponent:

n(pfoc) = 2
(
2U 2

0 + C1 p2
foc

)
3U 2

0 + C1 p2
foc

= 2 − 2U 2
0

3U 2
0 + C1 p2

foc

. (A19)

Two immediate consequences of Eq. (A19) are

n − 2 = − 2U 2
0

3U 2
0 + C1 p2

foc

< 0, n − 4

3
= 2C1 p2

foc

3
(
3U 2

0 + C1 p2
foc

) > 0, (A20)

and hence, for all pfoc > 0,
4
3 < n(pfoc) < 2. (A21)

Finally, balancing the terms in Eq. (A17) recovers the canonical limiting behaviors that define the
pressure-scaling bounds and complete the causal chain from the cubic relation to the local exponent:
at low focal pressure, a viscous-dominated balance yields U0 ∼ p2

foc so n → 2, whereas at high
pressure, an inertia-influenced balance yields U0 ∼ p4/3

foc implying n → 4/3. These two asymptotic
regimes define the bounds established in Eq. (A21).

To evaluate the pressure dependence of the local exponent n, we apply a centered finite difference
to Eq. (A18) using the streaming velocities obtained from finite-element (FE) simulations together
with their corresponding focal pressure magnitudes. The computation is performed at a frequency
of 40 MHz, with a focal length h = 1 mm, and a transducer comprising N = 26 turns. The resulting
curve of n(pfoc) is shown in Fig. 10. As expected, the exponent approaches the limiting values of
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2 and 4/3 at low and high pressures, respectively. In the intermediate regime, n varies continuously
between these bounds, and no single, universal power law applies. These results provide strong
quantitative support for the validity of the proposed scaling theory.
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